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There results for P (u) the simpler form 


Pia LOD y, 
where 


S (2, y) = axy 十 2a, (x*y+ay’)+ a, (a^ oy ty) 2a, (x+ y) ar a. 


Finally the first two terms in the expansion of P (u) 
in terms of u applied to the last form give 


A=}, A’=0. 
If the terms are all made homogeneous by writing, as 
Prof. Klein does, z,/z, and y,/y, for x and y, then 
DA 3. x. 1 
Srita Syy, E Ta Yı Ör, tu Ox, S mta 


2 (Zs F LAN 
in which form it is obviously a covariant of tbe original 
quartic. 


P (u) = 


ON ARITHMETICAL SERIES. 
(Continued from p. 19). 
By Professor Sylvester. 
Part IL* 
Explicit Primes. 


In this part I shall consider the asymptotic limits to the 
number of primes of certain irreducible linear forms mz +r 
comprised between a number aw and a given fractional 
multiple thereof £x, the method of investigation being such 
that the asymptotic limits determined will be unaffectd by 
the value of r, and will be the same for all values of m which 
have the same totient. he simplest case, and the foundation 
of all that follows, is that in which k=0 and m=2: this 
will form the subject of the ensuing chapter which may be 
regarded as a supplement to Tschebyscheff’s celebrated memoir 
of 1850,f and as superseding my article thereon in Vol. 1v. of 
the Amer. Math. Journ. 


.* I ought to have stated that the theorem contained in section 2 of Part I 
Originally appeared in the form of a question (No. 10951) in the Educational Times 
for April of this year. 


T Published in the St, Petersburg Transactions for 1854. 
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Chapter 1. 


ON THE ASYMPTOTIC LIMITS TO THE NUMBEK OF PRIMES 
INFERIOR TO A GIVEN NUMBER. 


81. Crude determination of the asymptotic limits. 

Call the sum of the logarithms of primes not exceeding x 
(any real positive quantity) the prime-number-logarithmic 
sum, or more briefly the prime-log-sum to z, and the sum of 
such sums to z and all its positive integer roots the prime- 
log-sum-sum, which in Serret is called y (2). 

Then it follows from elementary arithmetical principles 
that the sum of this sum-sum to z and all its aliquot parts, ù e. 


PETEDE 


[which we may call the natural series of sum-sums and denote 
by T'(z)) is identical with the logarithm of the factorial 
of the highest integer not exceeding æ, and accordingly 
from Stirling’s theorem may be shown to have for its 
asymptotic limit zlogz — z, the superior and inferior limits 
being this quantity with a residue which, as well for the 
one as for the other, is a known linear function of log.v. 
Serret, Vol. 2, p. 226. 
If now we take two sets of positive integers, 


DİP <5 9 4,4" ..., 


(together forming what may be termed a harmonic scheme) 
meaning thereby that the sum of the reciprocals of the 
numbers in the two sets is the same, and extend the 7'series 
over z divided by the respective numbers in each set and 
take the difference between the two sums thus obtained, 
there will result a new series of the form 


n=% x 
= f(nu (5) , 
n=l 
of which the asymptotic limit will be z multiplied by 
EPE 
p q 
and the value of f (n) will be 
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n : 
where, in general, 7, means 1 or 0 according as n does or 


does not contain ¢, or in other words the “denumerant” of 
the equation ty =n. 
I shall call the p's and q’s the stigmata of the scheme: 


$ logp _ ; 842 
p q 


the stigmatic multiplier, and the new series in W(2) a stigmatic 
series of sum-sums (obtained, it will be noticed, by a four-fold 
process of summation—viz. two infinite and two finite 
summations). 

lt is possible, in general, (as will hereafter appear) to 
deduce from the asymptotic value of a stigmatie series of 
sum-sums, superior and inferior asymptotic limits to the 
sum-sum itself. The asymptotic limits to the simple sum 
will then be the same as those last named [Serret, Vol. 11., 
p. 236, formulae “(8)” and *(9)"*] and will be multiples 
of z: dividing these respectively by logz, we obtain superior 
and inferior asymptotic limits to the number of primes not 
exceeding z (Messenger, May 1891, p. 9, footnote). 

It is obviously simplest always to take unity as one of the 
stigmata; those employed by ‘I'schebyscheff are 1,30; 2, 3,55 
this scheme as I term it leads to the relation 


v) - (5) G- (5) «5 Ci) 
rala) GS) (8) * 8) * Gs) - (8) 


zr T E T 
S5) (5) (5) - (is) 
E o NM e us Mie cos cos n n 
= (3 log2 + 4 log3 + 4 log5 — sly log 30) x +t, 


the series extending to infinity but consisting of repetitions 
(with a difference) of the above period, obtained by adding 


——— —. 


* The fourth edition 1879, of Serret's, Cours d'Algébre Supérieure is referred to 
€ and throughout the paper. 


T The + is used to denote that a quantity is omitted of inferior order of 
maguitude to a. 


her 


ia ; , The strict interpretation of the “relation ” is that the sum of 
i Stigmatic series less the stigmatic multiplier into z is intermediate to two 
nown linear functions of logz. 
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The stigmatic series arranged in sets in two different ways 
)+¥{ 


n becomes as a first arrangement 


c 


92 

the 

+4 (5 
vü)» 
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i E + 1 
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the correlative arrangement being 


ve)-4( 


je). 


T 
10 
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(o) -* (s) + * Gis) - * C) * ¥ (az) 
(ise) + * Gs) - Go) C) ~ ¥ (ass) 


+ (s): Can) C) - Gs 


平 
=< 
ATN 
— 
© 
=] 
—— xor N 
i T 


- (o) * (ima) 3 =+ (isa) +Y i Gs 
-v (ro) * (i) + C) s 7 Cs) - (190) 
+y s) s) to) + (am): Gi) 
-v (s) +Y (a11) - * o) + ¥ (saa) + ¥ Ca) 


The terms in each arrangement, it will be seen, are 
separated by marks of punctuation into groups: omitting tho 
first group in cither of them, which may be called the out- 
standing group, in each of the others the sum of the coefficients 
ig zero. 

Moreover, the sum of the coefficients from the beginning of 
each group is always homonymous in sign, d.e, will be non- 
negative in the first and non-positive in the second arrange- 
ment: the consequence of this is that all the terms of such 


* Each of these arrangements is to be regarded as made up of the outstanding 
group and an infinite succession of periodic groups. Inthe text we have set out the 
outstauding group and the first period, the other periods will be formed from this 
one by adding to each denominator in it successive multiples of 210, 
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groups may be resolved into pairs, whose sum will be 
necessarily positive in the one and negative in the other. 

'Thus, ez. gr. in the first arrangement the last but one 
of the groups may be resolved into the pairs 


+ (isa) so) sn) - * 9): (ete) - * Go)» 


each of which is equal to zero or a positive quantity. So 
the eighth group of the second arrangement is resoluble 
into the pairs 


T T g & 
-v (56) Gs) 5 -¥ (Goo) * (its) 
each of which is zero or a negative quantity. 
It may be as well to notice in this place that the sum 


of the coefficients, reckoning from the first term of the 
outstanding group to the term whose denominator is n, is 


pt t 
xz <_<) 
Al) 


which by virtue of the obvious identity, 


> (0-24): 
z E (5 a z() l 


This formula supplies an easy and valuable test for 
ascertaining the correctness of the determination of the 
coefficients up to any given term in the series. 

These observations may be extended to any harmonic 
scheme whatever: for it will be observed that 


is equal to 


13 a periodic quantity, and therefore possesses both a maximum 
and a minimum; whence it is easy to see that, by taking 
the outstanding group of terms sufficiently extensive, all 
the remaining terms in either kind of arrangement may be 
Separated into groups similar to those above set out; viz., 
Such that the complete sum of the coefficients in each group 
rom its first to its end term is zero aud up to any 
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intermediate term is homonymous, i.e. always positive in 
one and always negative in the other arrangement.* 

The consequence of this is that the outstanding group 
in the first arrangement will always be less, and in the 
second arrangement always greater, than a function of which 
the principal, or, as we may call it, the asymptotic term, is the 
product of x by the stigmatic multiplier, say (6t), (the 
complete function being, in each case of the form (St) x 
associated with a known linear function of logs. (Compare 
Serret, Vol. 11, p. 232). 

The importance of this observation will become apparent 
in a subsequent section. 

In the case before us (7.e. for the scheme in the Key of 7) 
confining our attention to the principal term of either limit, 
the first arrangement leads immediately (Serret, p. 234) to 
the superior asymptotic limit 19 Dr. 

As regards the inferior limit, we have 


vey) > Dz, 
V)» Dz — ds PDz> 444Dat 


* Ez. gr. from the harmonic scheme 1, 15; 2, 8, 5, 30, we may derive & 
Btigmatic series under the two forms of arrangement 


varsa) lvl) 
ll) E EEE) vü 
v4) lil) eler G9). 
+9 (8): (8) ver Ev) 
OROROORO OOA 


In the above arrangements the groups are separated by semicolons and the 
period is marked out by the colons. In this instance it will be observed that 
AT : n^ Am n n T» 
minimum and maximum values of E (2) --. E (5) —E (a) —E (5) —E (3) —E (=) 
are 0 and 2, and accordingly in the first arrangement the outstanding group has to 
be continued until the sum of the coefficients of the terms which it contains is 0, 

and in the second until such sum is 2. 


Writing Q=$log2+4log3+ 4 log 5 4- 44 log 30 — +, log 15 = "96750..., 


we may deduce from the above, the asymptotic coefficients $Q and Q—+,-$Q} 
t.e. 11610... and '8992.... 


t Compare the determination of the limits for the harmonic scheme 1; 2, 3,6 
(Am. J., Vol. 1v, pp. 243, 244), 
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Substituting for D its value :9787955, we obtain the 
asymptotic limits 1:0873505 and :8951370. 

The corresponding values got from the Tschebyscheffian 
scheme (1, 305 2, 3, 5) being 11055504 and "9212920, which 
are the $A and A of Serret. 

We know aliunde that the true asymptotic values are 
each of them presumably unity. The superior value above 
obtained by the new scheme is thus scen to be better, and 
the inferior value worse than those given by "l'schebyscheff's 
scheme. But these values correspond to what may be 
termed the crude determination of the limits which the 
schemes are capable of affording. The contraction of these 
asymptotic limits by a method of continual successive 
approximation will form the subject of the following section.* 


$2. On a method of obtaining continually contracting 


a" V Ar (2) 
asymptotic limits to —— . 


T 
To fix the ideas let us consider the scheme (1, 30; 2, 3, 5) 
which leads to the stigmatic series 
(1) — (6) + (7) - (10) + (11) - (12) + (13) - (15) + (17) — (18) + (19) 
— (20) + (23) — (24) + (29) — (30) + (31) ..., 


in which for brevity (n) is used to denote y (5) : 


The sum of this series is, we know, intermediate between 
Dz + R (logg) and Da + R, (logs), 
where D —-:9212920..., D, — 1'1055504...= $D, 


and R, R, signify two known quantities which for uniformity 
may both be regarded as quadratic functions of log. (in the 
first of which the coefficient of (loga)' is zero. (Serret 
pp. 233, 235). 

Omitting every pair of consecutive terms — (m)-F(u) in 


which E<$, and using [4 (x)] to signify the asymptotic 
value of y (æ), we find 


[V (2)] > Da + E ()] - E 后 | > Det Dr -D $, 
Say > Dx 


— 


* By the method about to be explained, it should be noticed, we may not 
merely improve upon the results obtained by the crude method from certain 
harmonic schemes (which form a very restricted class) but may also obtain limits 
to dr(z)-z from harmonie schemes which without its aid would be absolutely 
sterile (see p. 101). 


VOL. XXI. H 
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Similarly, omitting every consecutive pair of terms (m) — (4) 
in which = < $, we find 
7 
x x z 
[4 (2)] < Dz+ D,- D * Dii; 
say DE 


If instead of [4 (z)] we had deduced limits to y (2) in the 
manner indicated above, we should have found 


y (zx) > Des R'(logz), p(x) « D/z-4 R/ (logz); 
the added terms being each of them quadratic functions 


of log. 
Repeating this process we shall obtain 


[4 (2)] » Dz, Ly (2)] < Dz, 
where D'z Dt 4D'—345D/, D'=D+4D —4D' 4 45Dj. 
Similarly we may write 
[4 (2)] » De, [4 (2)] < Dr, 
where 
D'"z D e d Dp" i ty Ds Dm D m i D” E } D" di wD, 
and so on. 
If then we write for D, D', D", ..., v, Viy Va very 
and for D, D/, Dii eeng Woy Uig Us) veeg 
we shall find in general 
[4 (2)] > ve, [Y (2)] «v; 
Ii 978 
24 29' 
uu, =D + (B+ Po) u- iv 
the complete statement of the inequalities being 
y (xz)? va 4 Rh (loge), Y (a) «uz E? (log x), 
where it is to be noticed that the supplemental terms always 
remain guadratie functions of log x. 
[The result thus obtained differs in this particular from 
that stated by me in the Amer. Math. Jour. (Vol. IV., p. 241); 
the process therein employed giving as supplemental terms 


rational integral functions of continually rising degrees of 
logz. l am indebted to Mr. Hammond for drawing my 


where V4,=D+ 
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attention to this simple but important circumstance which had 
strangely escaped my attention previously]. To integrate the 
equations in u, v we have only to write 


v=V,+F, w-U E, 
aa — H) +t =D, V Crp’, + Copy 
+F+(1 -$- 19) E-D, U, Kp + Kp; 
and to take for p,, p, the two roots of the equation 
Poa dy =p"- ($ vo d) p t y (8 + ro)- 35570, 

t p-b- 
A p'— ffs p + cis =. 

The roots of this equation being each less than 1, 


on making i=% we obtain v, =F, u, — E, where E, F are 
deduced from the two algebraic equations 


HP ED, 
4F+ HE- D. 
This gives 
E 137x145 19865 
NEUE Det 491 Ue t 
(Compare Amer. Math. Jour., Vol. 1V., p. 242) 
E—$9535D = 1.0765779..., 
F=$4942D = 9226107... ; 


whence we may infer that (x) may be made intermediate 
between two known functions uw +r (logge), væ +s (log £), 
Where u, v, may be brought indefinitely near to the numbers 


1:0765779..., "9226107... 5 


and the supplemental terms are quadratic functions of log x 
depending upon the value of i that may be employed. We 
may, therefore (subject to an obvious interpretation), treat .E 


and F’ as asymptotic limits to ve) Bd 


," For the complete analytical determination of the limits to W(x) see §3 of 
this chapter, 
By making i sufficiently great u;, v; may be brought indefinitely near to E, F: 
furthermore, when thesuperior and inferior limits of  (z)+x are expressed as functions 
# and f of the form mentioned in the text, these limits may, by taking a 
sufficiently great, be brought indefinitely near to t, v;, and therefore to E, F, which 
therefore speak of throughout as asymptotic limits to yr(z)--z. But more strictly 
a Optimistic limits actually arrived at are Æ’ as little as we please greater 
than E, and F” as little as we please less than F. 


H2 
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If we examine the ratio of the denominators m, & of any 
pair of consecutive terms throughout the entire infinite series, 
whether of the form (m) —(u) or — (m) + (æ), we shall find that 


上 is always less than g, (viz. 1:16688...) except in the case 


of the pairs that have been retained in forming the eguations 
between Æ and F, from which we may infer that if any of the 
discarded pairs had been retained we should have obtained 
values of Æ and F respectively greater and less than those 
above set forth. 

If, on the other band, g had turned out to be so much less 


than $ as to cause = in any rejected pair to be greater than g, 
H 


in such case in order to obtain a value of Æ the least, and of F 
the greatest, capable of being extracted from the given scheme, 
it would have been necessary to take account of every such 
pair and perform the calculations afresh, thereby obtaining a 
new value of g (say g’) less than the former one; we should 
then have had to continue the process of examining the rejected 
pairs and reinstating those (if any) whose denominators 


furnished a ratio greater than q’, thereby obtaining a still 
m 

smaller value g”. Repeating these operations toties quoties we 

should at last arrive at a value of g superior to every ratio £ 


throughout tbe entire stigmatic series; the corresponding 
values of the asymptotic limits would then be tbe best 
capable of being deduced from the given scheme. 

Per contra had we retained at the start any of the discarded 
pairs of terms, we should have found for g a value greater 


than the value of Ë in some of the terms retained, which 
7n 


would be a sure indication that the retention of those terms 
bad led to a greater value of g than was necessary; those 
pairs would then have to be omitted; the g calculated from 
the reformed equations would be diminished by so doing and 
the resulting values of Æ, F would be the best attainable, 
provided that care was taken at the outset that no rejected 


pair gave a larger value to Ë than any pair that had been 
retained. us 


In the case we have considered initial asymptotic limits 


(viz. D and D to 2 were obtained from the scheme 
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itself, but it will not always be possible to do this when we 
are dealing with any harmonic leme 

Thus ez. gr. from the fact that the minor arrangement of 
the stigmatie series corresponding to the scheme (1, 6, 10, 
210, 231, 1155; 2, 3, 5, 7, 11, 105] has (1) + (13) for its out- 


standing group (see p. 104), we may deduce that V (z) + 4 (=) 


has Nx for its inferior asymptotic limit, but are unable from 
this arrangement to obtain an initial inferior asymptotic limit 
to 4 (x) itself, and still less shall we be able to obtain an 
initial superior asymptotic limit to d (x) from the major 
arrangement of the same stigmatic series. It is therefore 
important to notice that the final asymptotic limits arrived at 
by the method explained in this section, depend only on the 
stigmatic multiplier and the coefficients of the stigmatic series, 
being quite independent of the émitia! values employed, so 
that in the general case we may start from any given 


asymptotic limits to ag , however obtained, without thereby 
producing any effect in the final result. — The limits 
u,=2 log2 and v, 2 log2 obtained from the scheme (1; 2, 2] 


will do as well as any others for our initial asymptotic 
limits to — and we may, by substituting these limits 


in the retained portion of the stigmatic series, arrive at new 
limits v, v, which in their tura will give rise to fresh limits 
wu, v, and so on. We shall in this way obtain a pair of 
difference equations (connecting 4,,, Va with uw, v) which 
Will be of the same form as those given on p. 98, aud it is 
to be noticed that in the solutiou of these equations, viz. 
u,= Op! 4 Cp, E, v= Kp 十 Kp, F, 

only the values of C, C, K, K, will depend on the initial 
valnes Of u, v; so that, provided the roots of the quadratic 
in p(which are always real) are each less than unity, we may, 
by taking 7 sufficiently great, make u, and v, approach as near 
as we please to Æ and F respectively; 2.e. as near as we 
please to two quantities whose values depend solely on the 
stigmatic series employed. x 

The positive and negative divergences from unity of the Æ 
and # previously found are respectively 


*0765779..., '0773893...5 
these divergences as found by Tschebyscheff being 
*1055504..., *0787080, 
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which is already an important gain; but by varying the 
scheme we shall obtain still better results. 

Let us apply the method of indefinite successive approxima- 
tion to the scheme in the key of 7 treated of in the preceding 
section, viz. [1, 6, 70; 2,3,5, 7, 210], for which the stigmatic 
multiplier (the D of p. 91), viz. 
41l0g244l0g34410g541l0g7451,1l0g210— $log 6 — 45 log 70 
is '90787955.... 

Preliminary ealeulations having served to satisfy me that 
the asymptotic ratio - (the g) for this system was not likely 
to differ much from 1:10, which may be called the regulator 
I form the corresponding equations for # and # by retaining 


only those pairs (m) — (44) in the stigmatic series for which Z is 


greater than 1:10. 

As previously explained no error can result whatever 
regulator we employ; the worst that can happen will be that 
the result will not be the best attainable from the scheme, and 
such imperfection can be ascertained by means of the method 
previously explained ; the result, if the best possible, will prove 
itself to be so, and if not the best, will indicate whether the 
regulator (or criterion of retention) has been taken too small 
or too great. 

Let us examine separately the two arrangents set out in 
the previous section, the first being employed to obtain by 
successive approximations the superior, and the second the 
inferior, limit. 

Consider 1° the periodic part of the first arrangement: in the 
group (11)-4(13)—(14)—(15), the pair (13) — (14) «being 
rejected, (11)—(15) remains. Similarly, in the following 
group (19) —(20) being rejected, (17) — (21) remains; in the 
third and fourth groups (23)—(28) and (31)- (35) are 
to be retained. In the following group, all the consecutive 
pairs from (73) to (98) both inclusive are to be rejected, 
leaving (71) —(100) available. [The corresponding pair to 
this in the next period, viz. (281) — (310) gives 219 which is less 
than the assumed regulator.] All the groups in the first 
period, following — (100), will have to be rejected until we 
come to the group beginning with (137), which leads to the 
available pair (137) — (190): in the next period all the ratios 
will be too small with the exception of (347) — (400) which 
must be retained, but the term corresponding to this in the 
third period, viz. (557) — (610), will have to be neglected. 
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Hence, in approximating to the superior limit, we may 
write 

Ua MA (Fo tr ter ge utbs t rbot abo) % 

7 (Tr dr dac yp rr abr t atr) te 

2. In the second arrangement, the first group in the 
periodic part being — (14) — (15) 4- (17) - (19), and 4% (and 
a fortiori 13) exceeding the regulator, all these terms are to 
be ekil 

n addition to these, we shall find in the first period the 

available couples — (20) + (73) and — (110) + (139), and in the 
second period — (230) + (283); no other couples will be 
available, and accordingiy, we shall have 


Vi MT tk vg tot rio rho) % 
— (Tr vs ris + vs ris + sis) ue 
If then we write a, 6 for the coefficients of u, — v, in the first, 


and c, d for the coefficients of v, — v, in the second of the above 
equations, and make v, — U, + E, v, — V,+ F, we shall obtain 


u,= Cp! + Cp, + E, 
v, = Kp'+ Kip, +F, 
where p, p, are the roots of the equation 


p-a; b | = 
d ,p-e 
te, p' — (a c) p+ (ac- bd) =0, 


and E, F are subject to the equations 
(1- a) E+bF=M, 
dE + (1-0) F=M, 
which give E 
1- b-¢ l-a- 
E -aj(1 rd ven - a) (1 — c) a 
On performing the calculations, we shall find 
a= '29633..., b='24973..., 
c—:30153..., d='30371...; 
1 = b — c ='44873..., 1— a — d —:39995..., 
ac = '08935..., bd = *07584..., 
a+c='59786..., (1—a)(1—c)—bd'41568..., 
P; P, Will therefore be the roots of 
p! —*59786p + 01350 = 0, 
Which are each less than unity. 
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Also 7 —31:0262205 097—580 LS Oa Seer, 


_1-b-¢ 
TER 


This last number being greater than the assumed regulator 
[1] 3) 
1:10, and less than any of the retaiued ratios 3l it 


follows that no better limits than Z, # can be extracted from 
the scheme [1, 6, 70; 2, 3, 5, 7, 210]; or (as we may phrase 
it) E, F are the optimistie asymptotic limits to that scheme. 

Obviously, there is no reason to suppose that these are the 
closest "asymptotic limits that can be obtained from the 
infinite choice of schemes at our disposal: on the contrary, 
there is every reason to suppose that these limits may by 
schemes in higher and higher keys be brought to coincide 
as nearly as may be desired to each other and to unity. 

We shall presently obtain by aid of a new scheme a 
better result than the Æ, F of the preceding investigation. 
But first it should be observed that instead of forming the 
difference equations in u, v from the two arrangements, say 
the major and minor, of one and the same stigmatic series, 
(the former meaning the one used to find the superior 
and the latter the inferior) asymptotic limit, we may take 
these two arrangements, if we please, from two distinct 
series corresponding to two different schemes. 

Ihave had calculated, from beginning to end, the value 
of the coefficient of each term in the stigmatic series of 
sums-sums corresponding to the first natural period, containing 
2310 terms of the scheme (1, 6, 10, 210, 231, 1155; 2, 3, 5, 7, 
11, 105), the stigmatie multiplier to which, viz. 


—112196.... 


41log244l0g3 + 4logő +4 log7 + 4. log 11+ 445 log 105 
= 3 log 6 — > log 10 — gto log210- att log231— 13v; log 1155. 


is ‘9909532... (say N). 

This stigmatic series, though too long for printing at full 
in the restricted space of this Journal, is given later on ina 
condensed tabular form (see Table A, p. 107). I will proceed 
to describe its essential features and the use made of it to bring 
the asymptotic limits closer together. The maximum and 
minimum sums of its coefficients are 2 and — 2: the first terms 
being (1) + (13) — (14) — (15), the maximum is first reached 
at the second term; so that the outstanding group in the 
minor arrangement will be (1)+(13). But the minimum 
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sum, —2, is not reached before the term whose argument 
is (616). "The outstanding group in the major arrangement 
will therefore contain a very grcat number of terms, and there 
might be some trouble in handling the groups, so as to secure 
the greatest possible advantage. For this reason, I have 
thought it sufficient for the present to combine the major 
arrangement of the scheme [1, 6, 70; 2, 8, 5, 7, 210] with 
the minor one of the scheme [1, 6, 10, 210, 231, 1155; 2, 3, 5, 
7, 11, 105]. 

Maintaining the regulator still at the same value as 
before, viz. 1:10, the major arrangement will remain unaltered 
from what it was in the preceding case. In the minor 
arrangement there will be found to exist the following 
17 available pairs, all of which, except the last belong to 
the first period (the last one belonging to the second period), 
viz. 


(14) — (19), (15) - (17), (21) - (81), (83) - (41), (44) — (83), 
(63) — (13), (84) — (97), (105) - (241), (110) — (131), 
(195) — (223), (315) - (481), (525) — (703), (735) - (943), 
(945) — (1231), (1484) — (1693), (1694) — (2323), 
(4004) — (4633). 

We accordingly may write 
ua, = M + au, - bv, 
Vaa =N F yo, — du, 


where 
a WR ANL in EM aR Ta 
Us 21 28 © 35 2008 190 © 200^ 
e İl Lo ul. 
in qm BBY OZ ön YET 
s ME ANN A A ve 
14 15 21 33 44 63 84 1065 110 
& «eN DAN ŞE S PM m 
195 315 525 735 945 1481 1694 4004? 
> M NR UNE Li 
Im TESI se IM tie oo (see 9722 101 196223 
1 1 1 1 1 1 1 1 


DEN ctus f 


48] * 703 * 948 * 1231 * 


1693 * 2323 | 4633? 
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from which, writing 
(1-a) Eb F— M, 
8E-(1-y) F=N, 
we shall find 
u, = Op' 4 Cpi +E, 
v,= Kp'+ Kp, +F, 
where p, p, are the roots of 
| p-a, 5 
ii O 
ie. pP- (a y) p - ay — 06 — 0. 


=0, 


The values of a, b; y, dare respectively 
+2963346..., *2497346...; *2992774..., :3107808..., 


from which we see that p, af being each less than unity 
the values of u_, v, will be £, F; 


(1-3) M-8N 
where E= (1 —a) (1-4) 5! 
(1-c) NE 8M 


7ü-2-»-' 
and on performing the calculation it will be found that 


E=1-0551851..., F= :9461914. 


Also a 1:11518..., 


which being greater than m assumed regulator, but less than 
any of the retained ratios E, the results thus obtained are 


optimistic, 1.e. no better can be found without having recourse 
to some other harmonic scheme. 

The advance made upon the determination of the asymp- 
totic limits beyond what was known previously is already 
remarkable. "l'schebyscheff's asymptotic numbers stood at 


11055504... 
*9212920..., 
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corresponding to a divergence from unity 
"1055504... in excess, 
and 0787080... in defect ; 


by the combined effect of scheme variation and successive 
substitution we have succeeded in reducing these divergences to 


0551851... ın excess, 
and 0538026... in defect; 


in which it will be noticed that the divergence for the superior 
limit is only a little more than half the original one. 

The mean of the two limits, it will be seen, is now 
less than , 


1:0007. 


The annexed table, in which for brevity c is written for 
— c, gives in a condensed form the stigmatic series to the 
scheme (1, 6, 10, 210, 231, 1155; 2, 3, 5, 7, 11, 105]. 

The coefficients, for all the terms ¥ (=) from m=1 to 


m=1155 (the half modulus), are written down in regular 
batches of 10. The coefficients for the ensuing terms up to 


2309 can be got from these by the formula ¢,,,.,,=c,,,,.. the 


term following will have the coefficient zero; the rest of the 
infinite series is then known from the formula ¢ 


He 一 Oe 
Table A. 
The coefficients of the first 1155 terms of the stigmatic series to 

enc. 104210, 231, 115; 9279, 5, 7, 11, 105].* 
1000000000 0011101010 1110000110 1010101000 
1111101000 0010110010 1010011001 1010101010 
0011000110 0000001110 1010301011 0110000000 
0000011000 1100101011 0000001010 1002001000 
0010201110 0010110010 1100000010 1010111110 
0000000001 1000000001 1011101010 1010000110 
1100101000 1100101000 0011010010 1010101001 
1010110010 0011001010 0000001200 1010301000 
0110000001 1000011000 0000101011 0110001010 
1011001000 0011101110 0010200010 1100011010 
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1010110010 
1010000110 
1011001001 
1010301110 
1010001010 
1100101010 
1011101000 
0110010010 
0000011100 
1000101012 


0000100010 
1000001000 
1110101000 
0011000010 
1000011100 
1010101110 
0000100011 
1000101010 
1110100010 


* 'Tbis table is to be read off in lines. 


ii) 


(omitting the nuli terms) 


voee (s) - v 


TROR 


er < S 
> e£ e 
| ae Sis Ele 


m) -Y (i) -# sG 


v(a)" 


0000000111 
0000101000 
1010200010 
0110000010 
1101001000 
1010121010 


1010000111 


1010001001 
1010300010 
0010001010 
1101001010 
1011101110 
1010010010 
0000101100 
1000101001 
0110100010 
1000010000 
1110101001 
0001000010 


will mean 


(s) * 


+ 


eee MEN. SSS 
| 


+ 
< Sp Umm AS 


al 


yr 
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1000000010 1011101011 
1110101000 0000010010 
0011010010 0000000100 
1000011001 1000101011 
0000101110 0011100010 
0000001011 1000000100 
1000101000 0110101000 
1011100010 0011100010 
0110000100 1000011010 
0001001000 0110101110 


1010211010 0000010011 


1010000100 1000101001 


1110001001 1000100010 
1010311010 0110001000 
0010001011 1001001000 
1110001010 1011111010 
1011100010 1010000210 
0010010010 0010001001 
0001001100 10102f 


v (is) -v G) -Y &) 


TR TR HGS 

ale gis Sis 

BN. a e 
4 


vel (8) -* (5) (ia) 


zr 


e te atom VEM (a 


The first three lines set out in full 


+ By actual summation it will be found as stated towards the end of p. 104 
that the sum reckoned from the beginning of the positive and negative integers in 
this table always lies between 2 and —2 (both inclusive). 
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If we confine our attention exclusively to the outstanding 
group of the Major Arrangement, which extends to the 
616" term inclusive, without taking advantage of any of the 
other groups, we shall find, on making #=1-0551851, 
f= 9461974, and N (the stigmatic multiplier) = :9909532. 
[Y (2)] /1 1 1 1 1 1 1 1 IA 

z «JN tüstz»atostsst a5 56" 66 T1 188109 

1 I 1 1 
*105 * 196 525" um a 

Vi SL Tes TES e 1 
z*23*29 37* a1 59 71 79 89^ TEn 
< 1:0512390... which is inferior in value to Æ. 

This is enough to assure us that a better result than the 
one last found would be obtained by using the above scheme 
to furnish the major as well as the minor arrangement, instead 
of combining it, as we have done, with the scheme [1, 6, 70; 
2, 8, 5, 7, 210]. 

Mr. Hammond has been good enough to work out for me 
in the annexed scholium the complete approximation to the 
limits to 4 (x) given by the original scheme of Tschebyscheff 
[1, 30; 2, 8, 5]: this approximation preserves precisely the 
same form as that obtained by the crude method, and, although 
itlies a little out of the track which I had marked out for 
myself in this paper, will I think, besides being possibly 
valuable for future purposes in a more or less remote future, 
serve as an example to clear up any obscurity that may have 
pervaded the previous exposition of the purely asymptotic 
portion of these limits.* 


83. Scholium. ^ Containing an example of the complete 
a approximation to the limits to the prime-log-sum-sum to x. 
Using S to denote the stigmatic series 


T T z 
v-el te G) - (5) + 

we have the inequalities 
S> Ar -$ logz— 


1) . 
I LAM RUD 


* In the paragraph commencing at the foot of p. 94 in the preceding number, 
a theorem (too simple to require a formal proof) is tacitly assumed which virtually 
amounts to saying : 

İf an equal number of black and white beads be strung upon a wire, in such a 
way that on telling them all, from left to right, more white than black ones are 
never told off, then the whole number of beads, as they stand, may be sorted into 
Pairs, in each of which a black bead lies to the left of a white one, 
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which, as explained in the preceding section, may be 
replaced by 


P> Az— f logz- 1 +4()-¥ (=) Neu 


29 
VG) < 4z+g oge e (2) - (2) V (S) " (2). 
If now we assume 
y (z) > p,Aa -- q, (log x)! +r, (log z) + s; ....... (3), 


V (z) «t,Az +u (log z)' + v, (log z) + w, ......(4); 
we obtain, by combining these inequalities with (1), 
y (2) Az -$ logz =i 
+ i; p, Ac + q; (logz — log24) + r, (logz — log24) + s, 
— gy t, Az — u, (log æ — log 29)’ — v, (log z — log 29) — w,. 
Say V (2) > Pin Ar + Iin loge)’ + ri loge) + Sin) 
where 
Pin 7 932,7 dol; * 1, 
Qi 7 2,7 5 
Ti =T; — V; + 2u, log 29 — 2g, log 24 — $, 
8, =S; — W; + g (log24)' — u, (log29)* — r, log 24+ v, log29 — 1. 
Similarly, combining (3) and (4) with (2), we find 
y (2) « Az + § loge | 
+ 41,47 4w,(logz—log 6Y 4v,(logz—log 6)-w, 
— #p,4x—g,(logz—log 7)'—r, (logz—log 7)— s, 
*Tgt,424w,(logz—log10)*4 v, (log z — log 10) + w; 
Say V (x)«t, Az + up (logz)’ + viy (loge) + wai 
where 
tn =154 p 41, 
uu, =24,— 44 
Vy, 72v, — v, + 2g, log? — 2u, log 60 + $, 
10,7 2w,- 5,— g, (log?) tu/f(log6)'--(log10)"]-r,log?7 —vlog60. 
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These, together with the 4 given above, constitute a set 
of 8 difference equations for the determination of p, 4, Ty 
$5 ty Us Vy wp Their initial values are akli by the 
inegualities 


Y (<)> Ax — $ logz-1 


y (2) <$Ax+ logs (log z) + $ log + 1 (Serret, p. 236), 


which give 


2o=1 9,0 ) 7 一 一 如 8, 一 一 1 


İİ, w= $, w= 1. 


Jad. 
4log6? * — 
The values of p, t; will be found to be 


ie = tro- 47,81 (Ee) 


EI i 9 (Ee) 
f; zoogg {59595 + s01, (p +p.) + 1908855 (25.5, 


where p, p, are the roots of. the equation 
1 
(p 7 15) (P — 307a: 


and it is easy to verify that these values (which agree with 
the general ones, involving arbitrary constants, obtained in 
the preceding section) satisfy the initial conditions 


PSİ, po 442,7 ght 1—1 gd, 
($6 mist — tp tl=l th. 
The values of g, and u, obtained from the equations 


lin FLT 45 Uy, EU Q5 


with the initial conditions g,= 0, u,= iki , are 
5 a= a” 
AET el 
5 Petey OE 
i TT (a +a 2 


where a, a™ are the roots of the equation 
a'— 3a+1=0. 
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The values of r, s, v, w, are linear functions of q, v 
whose coefficients are linear functions of 7 in the case of 
* v, and quadratic functions of č in the case of s, tw; 

Thus we find, when the constants are properly determined, 
r=- (2 log6 + A7) u,+ [e - X — 2 log29+ log6 — (x +A) i] qa 
v= (3log6 — xz) u, + (2 log 10 + A —2« 32) g, — $, 

24°. 60" 241.60 
where «i og); r= § log (zr )- 

The substitution of these values of r, and v, in the 
equations for determining s, and w, will give: a pair of 
equations of the form : 

$,,7 5, — w, +(at bi) qit (c di) u,—(1 + § log 29), 
10, = 2w, — 8, + (e + ft) q: + (g + hi) u, — § log 60, 
where a, b, c, d, e, f, g, h are known constants, and g,, u, are 
known linear functions of a’, a“. 

Ex. gr. the value of a is 
(log 24)'— («—X-—2 log 29+ log 6) log 244 (2 log 10+A—2«) log29. 

From these equations we sbould obtain a result of the 
form < 

s= Qa' 4 Ra“ 4 C, 

w= Qa + Ra” + C,, 
in which C,, C, are constants and Q, Q, A, E quadratic 
functions of 7, but the complete determination of these would 
occupy too much space to be given here. 


Sequel to Part 2, Chapter 1, §2. 


Since §2 of this chapter was sent to press I have had 
asymptotic limits to yj (x) +2 computed by means of a scheme 
whose stigmata contain simply and in combination all the 
prime numbers up to 13 inclusive. The numerical results 
-obtained on the one hand and on the other the process 
employed to determine à priori (so as to save the labor of 
working out the 30030 terms of a complete period) the 
minimum and maximum values (— 1 and 4) of the sum of the 
coefficients of any number of consecutive terms (the first 
included) in the stigmatic series proper to the scheme, appear 
to me too noteworthy to be consigned to oblivion. 
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This calculation differs from those that precede it in 
the circumstance that it does not attempt to give the optimistic 
limits which the scheme will afford, notwithstanding which 
the limits actually obtained will be found to be each of 
them materially closer to unity than the optimistic limits 
furnished by any of the preceding schemes. 

The scheme I adopt is (1, 6, 10, 14, 105; 2, 3, 5, 7, 11, 18, 
385, 1001], which satisfies the necessary condition that the 
sums of the reciprocals of the numbers on the two sides 
of the semicolon are equal to one another. 

The first thing to be done is to discover the maximum 
and minimum values of 


6-H (7) + (5) EÇ) + Eğ) * (us) 
- (5) - 5(5)- £(5) 55) - i) 


n n n 
-E (3) - (s) - Bani) 
On taking » equal to 66, it will be found that the value 
of S, is— 1: I shall proceed to show that this is the minimum, 
in other words that — S, cannot be so great as 2. 


Denote the fractional part of any quantity æ by F(z): 
if — S| is not less than 2, then it may be shown that à fortiori 


*(5) * (o) + 7) 
- Fiğ) - (5) - FG) - 7€) + "sg: 
say Q9) Faz) must be not less than 2, and therefore 


Q(x) must be greater than 1: now it is not difficult to show 
that Q (n) is only greater than unity when 


n — 106 + 210x or n= 136 + 210x 


(* being a positive integer). But corresponding to these 
two values it will be found that 


Q(106) + F(T) -à* EF rhs; 
Q(136) + F(T )=b4 84 b+ e 
VOL. XXI. , 
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so that on either supposition Q (») + Fiş) is less than 2. 


Hence the minimum value of S, is — 1, and consequently, 
since the stigmatic excess is here 8 — 5, the maximum value, 
as appears from the footnote below, will be 8 — 5 4 1, 2. e. 4.* 
(By the stigmatic excess for any scheme I mean the number 
of stigmata in the right-hand less the number of thosein the 
left-hand set. "This excess is obviously equal to the coefficient, 


with its sign changed, of + (=) in the stigmatic series, 


where u is any common multiple of the stigmata. | 

It will be found, on summivg up the numbers in Table 5, 
that S, first attains the value 4 when 2 = 1891, and the value 
— 1 when n= 66. 

For the inferior limit the outstanding group consists of 
all the terms up to 1891 inclusive, and for the superior limit 
all the terms up to 66 inclusive. But in obtaining this limit 
advantage has been taken of the next three groups, which end 
with 78, 418, and 2068 respectively. Thus the extreme limit 
of the following table is 2068, instead of being 30030 
(4. e. 2.3.5.7.11.13) which is the number of terms in a complete 
period. It contains the coefficients of the first 2068 terms 
of the stigmatie series for the scheme [1, 6, 10, 14, 105; 
2, 8, 5, 7, 11, 18, 385, 1001] written down in horizontal 
order in regular batches of ten, as was done in table A for 
the scheme [1, 6, 10, 210, 231, 1155; 2, 3, 5, 7, 11, 105] 
with the unimportant difference that (for typographical con- 
venience) negative coefficients are indicated by dots instead 
of by bars placed over them. 


* If we call c, the coefficient of W : and Sn the sum of such coefficients up 


to c, inclusive (regarding co and S, as zero), and take u the least common multiple 
of the stigmata, we have, obviously, 
8,4, 0, cn 三 cu-m and (Sat Suan) —(Snat Sp-n) = 0n — Cu-n 0. 
Consequently, 
Sn+ Sp-1-n= So + Su-4=—cu =n (the stigmatic excess), 

This is a valuable formula of verification, and moreover gives a rule for finding 
either the maximum or minimum coefficient-sum when the other sum is given: 
for if S, has the maximum value, 8,.,.4 =n — Sn; if this is not the minimum let 5n 
be less than n — Sn, then Sua will be greater than Sa, contrary to hypothesis. 
Hence the minimum value of a coefficient-sum may be found by subtracting 
the maximum from the stigmatic excess and vice versa. De 

[I may perhaps be allowed to add that this theorem suggests a generalization 
of itself, which I think it is safe to anticipate may be formally deduced from it, viz. : 

Jf, ay, Gay o Me ap az y ay be any given positive quantities (integer or 

JSractional, rational or irrational) such that fa Za, and if —m, M be the least 
and greatest values that XE(ax).- EE (ax) can assume when x is any postirve 
quantity whatever, then M — m — y — n]. 
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Table B. 


[1, 6, 10, 14, 105; 2, 3, 5, 7, 11, 13, 385, 1001). 


1000000000 
1011101000 
0010000110 
0000001001 
0010201000 
0000000101 
1100100000 
1010120010 
0010100001 
1011001000 


1000100010 
1i10000010 
0011001000 
1010101110 
1010001010 
1000101010 
1010101001 
0110000000 
0000011100 
1000100013 


0000110010 
1000101000 
1011101000 
0001000010 
1100001100 


0000101010 
0110100010 
1000001010 
1100101010 
0010110010 
1000000001 
1000101001 
0010001000 
1000001100 
0011100010 


0000010111 
0000201000 
1011200010 
0000000010 
1200001000 
0010111010 
1010000011 
1020001000 
1010100010 
0010001011 


1001001020 
1010101210 
1010001010 
0000111000 
1000201000 


1110010010 
1010111000 
1011101011 
0010001010 
1100000010 
0010101010 
0011000010 
0000001100 
0000101010 
0010300011 


1000000020 
1110101100 
0010011010 
1000011001 
0000201010 
0001001011 
1010101000 
1111100010 
1010000100 
0000001000 


1010201010 
1010000000 
1110001001 
1010111000 
0010001111 
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1010101010 
1010101110 
0010001000 
1001011000 
1010201110 
2011000010 
1020101000 
1110101000 
1110001010 
1000011010 


1010101011 
0000000010 
0000000001 
1000101000 
0011100110 
1000001100 
0010111000 
0010200010 
1001001010 
0100101010 


0100010011 
0000101001 
1000100010 
0010001000 


1000001000 
12 
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$010101010 
0000100011 
1000101010 
1110100010 
0010010001 


10000010114 
1000101110 
1010002010 
1010011000 
1011201010 
0011001110 
0010001010 
1110201010 
1010000000 
0100001000 


1000111010 
0010100011 
1010000001 
1010100010 
0010000110 
1001000000 
0010111110 
1000100011 
1001301000 
1000100000 


3010000000 
0000011000 


0111100010 
1010010000 
1110101001 
1000000010 
1000000000 


0010101010 
0001000011 
1000101101 
0010100000 
0010100100 
1000000010 
1110111010 
1010110010 
1011001002 
1010101010 


0110002010 
0000001010 
1011101010 
0010000110 
1000001000 
100020101 
0010100010 
1100000100 
1010110000 
0010010011 


1010101000 
0011100010 


1010000010 
1010110010 
0010100010 
0002001000 
1010101110 


1110100010 
0000100000 
1010101010 
0110000010 
1000011000 
0010101012 
0016000001 
1000100100 
1010101010 
0011010000 


1000101100 
0011101010 
1000100010 
1110001010 
0110101010 
0010011010 
1000001011 
1000101010 
0010001011 
0000001010 


1001101110 
00101011 
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1011101011 
1010000100 
0010001100 
1010300010 
0010011000 


1100101010 
1011111010 
0000000011 
0110001000 
0000100010 
0010100010 
1001000000 
1010101100 
1010000011 
1000101010 


0010101100 
0100001011 
1000121000 
1010200011 
0001000000 
1010000000 
1110101010 
2011000010 
1010001100 
0010101010 


0010101010 
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In Tables I and II below, in addition to pairs of numbers 
: x 
—(9)+(7+@), meaning — 4 (5) +4% (553) , and 4(n)-(n*-0) 
z 


: a : 
meaning +y (5) - v (513), there will be found the 


unpaired numbers (15) and (66) in the one and (19), (229) 
and (1891) in the other: to understand how these are got, 
it should be observed that S, (the sum of the first n numbers 
in Table B) first becomes 0 when n= 15, first becomes — 1 
when x — 66 and first becomes 2, 3, 4 when n= 19, 229, 1891 
respectively.* 


Table I. Table II. 
+ (15) 

- (17)+ (22) + (15)- (17)- (19) 
— (19)+ (21) + (21)- (31) 
— (23)+ (26) + (36)- (29) 
— (29)+ (35) + (83)- (48) 
— (41)+ (45) + (44)- (61) 
— (47)+ (52) + (63)- (73) 
= (59)+ (65) + (66) (60) (nb) 
- (67)+ (78) + (75)- (103) — (229) 
— (79)+ (418) + (242)— (271) 
— (107)+ (135) + (285) 一 (323) 
— (210) (275) 4 (385)- (421) 
— (289) 二 (385) + (885)— (439) 
— (419) + (2068) + (440)— (493) 
— (521)+ (585) + (494)— (571) 
— (629) + (795) + (770) — (841) 
— (839)+ (936) + (1155) — (1273) — (1891) 


— (1049) + (1144) 
— (1717) + (1925) 


* Call = the sum of the infinite series given by Table B : it may then easily be 
Verified that {yr (a) -2}-{y (is ) +4 (=) may be resolved into term-pairs of the 
D, 


form — y (a TU (zz) that shall contain among them all those in Table I, and 


t (0) — ziv)" (s) ** Çiz) 
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'The reasoning employed in dealing with previous schemes 
serves to show that superior and inferior asymptotic limits 
to y (æ) + z, which we shall call Z,, F, in order to distinguish 
them from the corresponding optimistic limits (Z, F), may be 
found from the equations 

£,=M+ak, — bF, 
RoMser SAR) 
where a is the sum of the reciprocals of the numbers occurring 
in Table I. with the sign 十 
b » ” » > 
c " Pablo TES + 


d » n p > 
and M is the stigmatic multiplier. 


T 1 1 1 1 
viZ. TE ar 21 aF gg eet 32068 ^ 33352 ...) 


mM DENS aU 
mum i 

nw ae 1 
ih + 21 十 FE 26966 ...| 


1 1 1 1 sy ^ 
des. T 19 t re ii 1891 ^ 21142 ..., 


= "30580 ..., 


1 1 1 J 
and M= 5 log2 +5 log3 +z log5 +7 log? 
1 1 


1 1 
tn log11 +75 log 13 + 385 log 385 * 1001 log 1001 
1 


1 1 1 
ae log 6 — Tm log 10 — 14 108 14 — 105 log 105 = :98859 ... . 


into term-pairs of the form + () -y ( z 


证 Hb 
those in Table II above. ! 
[The maximum value of S, is here 4: if it had been 2, then instead of 
9 unpaired positive terms appended to { (x)— E} there would have been but 1, 
This is what happens for the scheme (1,15; 2, 3, 5, 30] given in the footnote on 


p. 96: and accordingly, we see that (yc) - 3v); for that scheme, is 


resoluble into paired terms of the form -v(z)-v (Sa): Bo again, the 
minimum being 0 (instead of —1), there will be but 1 unpaired negative term to 
append to (y.(x)— X), and accordingly, we see that (W()—2)—w (3) in that 


that-shall contain among them all 


= 


scheme is resoluble into term-pairs of the form — y €) TY ( E . 


* The above values of a, b, c, d give a+c="603... and ae — bd ='005..., and 
consequently the roots of the “characteristic” equation p? — (a + c) p + (ae — bd) = u 
satisfy the necessary condition of being each less than unity in absolute value. 
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Hence Ea” 104423..., 
而 二 (1-a—-d)M 

! (1—2)(1—0) - db 

[so that the mean of E, and F, is less than ‘0006], and 


E, 
m 140911205. 


1 
Thus then, (see footnote to p. 9 of the May number) by 

taking a sufficiently great, the number of primes not 
exceeding z, multiplied by logz and divided by a, may 
always be made to lie between the numbers 

1:04423... and ':95695..., 
the divergences of which from unity are 

04423... and :04304... (as against 
Tschebyscheff’s —*10555... and :07807...). 


These divergences, there is little doubt, would become 
even more nearly equal than they are, if any one should feel 
inclined to undertake the very laborious task of extracting 
the optimistic values (E, F) from the scheme employed. 

In order to understand this necessarily abbreviated sketch 
ofa method more easy to think out and apply than to find 
language to express, İ must not conceal that a careful study 
of the several schemes given, and of the principles embodied 
in the calculations relating to them, isa sine qud non. It may 
somewhat lighten the burden thrown upon the reader, if I 
add a few words concerning one or two points, perhaps 
inadequately explained in what precedes. 

Let u be the least common multiple of the stigmata of any 
given harmonic scheme and S, the sum of the coefficients 


of y (z), v5), V (3) yer (2) in the corresponding 
stigmatic series. Then from the last formula (p. 95) com- 
bined with the equation which connects the stigmata, 
it follows that 


= :95695..., 


8,70, Su, 8, 


Matu 


8. 
* In tables I and II above, the ratio NES greater than 1:09120... for every 


n 
pair of terms except — (1049) + (1144) in table I. In the case of this pair, we 
have 4144 = 1:0905..., which shows that the exclusion of it from that table would 
have led to asymptotic limits better (but very slightly so) than those arrived 
at in the text. 
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Hence an infinite number of values of n will give S, its 
greatest value; the difference of these values will be of 
the form kw — p’ where u’ may, and in general will, besides 
zero have various other values less than u, thus giving rise 
to the collections of terms called groups (see p. 94) of which 
the period of A terms will be composed. The same will 
be true when we substitute the word least for greatest. 

If now £ be taken any number such that S, has its 
greatest value it may be shown that the sum of all the 
terms in the stigmatic series subsequent to the one containing 


wv (5) will be negative or zero, and similarly when S, has its 


least value such sum will be positive or zero;* consequently 
when 4 is properly determined we can tind immediately a 
superior limit in the one case and an inferior limit in the 
other, to the sum of the first ; terms of the series. 

I will conclude this portion of the subject with the remark 
that from the values of Æ, and F, it is easy to infer that 
if u is equal to or less than (795695...) Æ — (1:04423...), and 
& exceeds a certain ascertainable number whose value 
depends on & aud yw, then between x and kz there will be 
found more than y E primes.T 


* The reason of this is that the sum of all the terms beyond the ith may be 
separated into partial sums, each containing u terms, which ultimately vanish. 
If now y, (ku kitli) + y; (Ep it?) Yu (5p i i) be one of them, then 

] Yo sess Ye will be zero when t= p, and will have a constant algebraical sign 
or else be zero) when £ < u; from which it follows (see footnote p. 109 where, be 
it observed, a coefficient + A or — A is supposed to be represented by a seguence 
of A black or A white beads) that each partial sum may be decomposed into an 
aggregate of quantities of the form + (n) —(y-- 0) or — (n)+ (n +0) according as 
the first coefficient in each such sum is positive or negative, and will therefore, if 
not zero, have the same algebraical sign as that coefficient has, viz. — or + according 
as S; has its greatest or least value. 

$ In order that u may be positive (which ensures the existence of some primes 
between x and Ez, when z exceeds a certain limit) it is only necessary to take 
k > 1:09120... (which differs very little from 1$), whereas if we limited ourselves 
to the results of the oft-quoted memoir of 1850, we could not prove the existence 
of prime numbers between x and Ez, for a given value of x, however great, 
unless 4 exceeds $, 
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